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A SUFFICIENT CONDITION FOR SUBELLIPTICITY OF
THE ∂¯-NEUMANN OPERATOR
ANNE-KATRIN HERBIG
Abstract. We give a sufficient condition for subelliptic estimates for
the ∂¯-Neumann operator on smoothly bounded, pseudoconvex domains
in Cn. This condition is a quantified version of McNeal’s condition (P˜ )
for compactness of the ∂¯-Neumann operator, and it extends Catlin’s
sufficiency condition for subellipticity as it is less stringent.
1. Introduction
Let Ω ⊂⊂ Cn be a smoothly bounded domain. Suppose that p ∈ bΩ is a
point in the boundary of Ω, and that bΩ is pseudoconvex near p. We shall
show that the existence of a certain family of functions near the boundary
point p implies that a subelliptic estimate for the ∂¯-Neumann operator holds
near that point.
The ∂¯-Neumann operator Np,q is the inverse of the complex Laplacian
∂¯∂¯⋆ + ∂¯⋆∂¯ for (p, q)-forms. Establishing the existence of the ∂¯-Neumann
operator leads to a particular solution of the Cauchy-Riemann equations,
but just in the L2-sense. Thus one is not just interested in the existence of
such an L2-solution u for given data f , but one is also interested in the kind
of regularity statements that can be made about u when f is regular; for
notation and details on the ∂¯-Neumann problem see section 2.
On domains with certain geometric conditions on the boundary, the ques-
tion of existence of a solution to the ∂¯-Neumann problem was settled through
the works of Ho¨rmander [Ho¨r], Kohn [Koh1, Koh2] and Morrey [Mor]. In
fact, Ho¨rmander’s results in [Ho¨r] imply that there exists a bounded operator
Np,q on L
2
p,q(Ω), which inverts the complex Laplacian under the assumption
that Ω is a bounded, pseudoconvex domain.
In the following, we will be concerned only with the local regularity ques-
tion for the ∂¯-Neumann problem, i.e. conditions on Ω which imply that
u := Np,qf is smooth wherever f is. A fundamental step concerning this
question was done by Kohn and Nirenberg. They showed in [Koh-Nir] that,
if a so-called subelliptic estimate of order ǫ holds for the ∂¯-Neumann problem
on a neighborhood V of a given point p in bΩ, then f|V ∈ Hsp,q(V ) implies
Np,qf|V ′ ∈ Hs+2ǫp,q (V ′) for V ′ ⊂⊂ V ; here Hsp,q denotes the L2-Sobolev space
of order s on (p, q)-forms. Thus it is natural to inquire about subelliptic
estimates for the ∂¯-Neumann problem.
Key words and phrases. ∂¯-Neumann problem, subelliptic estimates.
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Denote by Dp,q(V ∩ Ω¯) the set of smooth (p, q)-forms u, which are sup-
ported in V ∩ Ω¯, such that u belongs to the domain of ∂¯⋆. A subelliptic
estimate of order ǫ > 0 near p ∈ bΩ is said to hold, if
|||u|||2ǫ ≤ C(‖∂¯u‖2 + ‖∂¯⋆u‖2) for all u ∈ Dp,q(V ∩ Ω¯),(1.1)
where the norm on the left hand side is the tangential L2-Sobolev norm of
order ǫ.
The most general result concerning subelliptic estimates for the ∂¯-Neumann
problem was obtained by Catlin [Cat]. He showed that the existence of a
certain, uniformly bounded family of functions {λδ} on a pseudoconvex do-
main is sufficient for a subelliptic estimate to hold. Moreover, Catlin proved
that one can construct such a family of functions on any smoothly bounded,
pseudoconvex domain, which is of finite type in the sense of D’Angelo [D’An].
We extend Catlin’s sufficiency result by replacing the boundedness condi-
tion on the weight functions λδ with that of self-bounded complex gradient, a
weaker condition which allows unbounded families of functions. This notion
was introduced by McNeal in [McN2].
Definition 1.2. Let Ω ⊂⊂ Cn be a smoothly bounded domain. A plurisub-
harmonic function φ ∈ C2(Ω) is said to have a self-bounded complex gradi-
ent, if there exists a constant C > 0 such that
|
n∑
k=1
∂φ
∂zk
(z)ξk|2 ≤ C
n∑
k,l=1
∂2φ
∂zk∂z¯l
(z)ξk ξ¯l(1.3)
holds for all ξ ∈ Cn, z ∈ Ω. We write |∂φ|i∂∂¯φ ≤
√
C when we mean (1.3).
Notice that, if λ ∈ C2(Ω) is plurisubharmonic and bounded, then φ = eλ
has a self-bounded complex gradient with C = supz∈Ω eλ(z). Furthermore,
notice the behavior of inequality (1.3) under scaling; replacing φ by tφ for
t > 0, the left hand side of (1.3) is quadratic in t, while the right hand side
is linear in t.
The main result in this paper is the following:
Theorem 1.4. Let Ω ⊂⊂ Cn be a smoothly bounded domain. Let p be a
given point in bΩ and suppose that bΩ ∩ U is pseudoconvex, where U is a
neighborhood of p. Denote by Sδ the set {z ∈ Ω | − δ < r(z) < 0}, where r is
a fixed, smooth defining function of Ω. Assume that for all δ > 0 sufficiently
small there exists a plurisubharmonic function φδ ∈ C2(Ω¯ ∩ U), such that
(i) |∂φδ |2i∂∂¯φδ ≤ C, where the constant C > 0 is independent of δ,
(ii) for all smooth (p, q)-forms u, z ∈ Sδ ∩ U and for some ǫ ∈ (0, 12 ]∑′
|I|=p,|J |=q−1
n∑
k,l=1
∂2φδ
∂zk∂z¯l
(z)uI,kJ u¯I,lJ ≥ cδ−2ǫ|u|2,
where the constant c > 0 does not depend on δ or u.
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Then there exists a neighborhood V ⊂⊂ U of p such that a subelliptic esti-
mate of order ǫ holds.
The only difference between Theorem 1.4 and Catlin’s sufficiency result is
that we substituted the uniform boundedness condition on {λδ} by condition
(i). The existence of Catlin’s family of functions {λδ} implies the existence
of the above family {φδ} by setting φδ = eλδ . One reason, however, to
generalize the Theorem of Catlin is to establish sharper subelliptic estimates
in various geometric situations.
The uniform boundedness of {λδ} is crucial for Catlin’s proof as it lets
him transform estimates with weights of the form e−λδ into unweighted
estimates. Families of functions which have a self-bounded complex gradient
are in general not uniformly bounded, and so Catlin’s proof does not work.
However, McNeal found a duality argument in [McN2], which allows one to
pass to unweighted estimates from estimates with weights, when the weight
functions have a self-bounded complex gradient.
The paper is structured as follows. In section 2 we review briefly the
setting of the ∂¯-Neumann problem. In section 3 we derive two weighted L2-
inequalities, which are specific for weights having a self-bounded complex
gradient. Using those inequalities we obtain two versions of compactness
estimates on ∂¯⋆Nq and ∂¯
⋆Nq+1 in section 4. In section 5 we convert these
compactness estimates to a family of L2-estimates in terms of the Dirichlet
form. With those estimates at hand we complete the proof of Theorem 1.4
in section 6. In the last section we consider an example domain to see how
the functions {φδ} can be constructed.
I am deeply indebted to J.D. McNeal for his support and encouragement.
I have enjoyed and greatly benefitted from our discussions during the last
years.
2. Preliminaries
Let Ω ⊂⊂ Cn be a smoothly bounded domain, i.e. Ω is bounded and
there is a smooth function r such that Ω = {z ∈ Cn | r(z) < 0} and ∇r 6= 0
whenever r = 0.
Let 0 ≤ p, q ≤ n. We write an arbitrary (p, q)-form u as
u =
∑′
|I|=p,|J |=q
uI,Jdz
I ∧ dz¯J ,(2.1)
where I = {i1, . . . , ip}, J = {j1 . . . , jq} and dzI = dzi1 ∧ · · · ∧ dzip , dz¯J =
dz¯j1 ∧ · · · ∧ dz¯jq . Here ∑′ means that we only sum over strictly increasing
index sets. We define the coefficients uI,J for arbitrary index sets I and J ,
so that the uI,J ’s are antisymmetric functions of I and J .
Let Λp,q(Ω¯) and Λp,qc (Ω) denote the (p, q)-forms with coefficients in C∞(Ω¯)
and C∞c (Ω), respectively. We use the pointwise inner product 〈 ., . 〉 defined
by 〈dzk, dzl〉 = δkl = 〈dz¯k, dz¯l〉. By linearity we extend this inner product
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to (p, q)-forms. The global L2-inner product on Ω is defined by
(u, v)Ω =
∫
Ω
〈u, v〉dV,
where dV is the euclidean volume form. The L2-norm of a u ∈ Λp,qc (Ω) on Ω
is then given by ‖u‖2Ω = (u, u)Ω and we define L2p,q(Ω) to be the completion
of Λp,qc (Ω) under the L2-norm; we drop the subscript Ω, when there is no
reason for confusion.
If φ ∈ C2(Ω¯), we denote by L2p,q(Ω, φ) the space of (p, q)-forms u such that
‖u‖2φ,Ω = (u, u)φ,Ω := ‖ue−
φ
2 ‖2Ω =
∫
Ω
〈u, u〉e−φdV <∞.
Notice that the weighted L2-space, L2p,q(Ω, φ), equals L
2
p,q(Ω).
Let u ∈ Λp,q(Ω¯), then the ∂¯-operator is defined as
∂¯p,qu = ∂¯u :=
∑′
|I|=p,|J |=q
n∑
k=1
∂¯kuI,J dz¯
k ∧ dzI ∧ dz¯J ,
where ∂¯k :=
∂
∂z¯k
, and u is expressed as in (2.1). Observe that ∂¯2 = 0. We
extend the differential operator ∂¯, still denoted by ∂¯, to act on non-smooth
forms in the sense of distributions. Then, by restricting the domain of ∂¯
to those forms g ∈ L2p,q(Ω), where ∂¯g in the distributional sense belongs
to L2p,q+1(Ω), ∂¯ becomes an operator on Hilbert spaces at each form level.
Note that ∂¯ is a densely defined operator on L2p,q(Ω), since the compactly
supported forms Λp,qc (Ω) are in Dom(∂¯). Moreover, ∂¯ is a closed operator,
because differentiation is a continuous map in the distributional sense.
Thus we can define the Hilbert space adjoint, ∂¯⋆, to ∂¯ with respect to the
L2-inner product on the appropriate form level in the usual way:
we say that u ∈ L2p,q+1(Ω) belongs to the domain of ∂¯⋆, i.e. u ∈ Dom(∂¯⋆),
if there exists a constant C > 0 so that
|(∂¯w, u)| ≤ C‖w‖ holds for all w ∈ Dom(∂¯).(2.2)
By the Riesz representation theorem it follows, that, if u ∈ Dom(∂¯⋆), there
exists a unique v ∈ L2p,q(Ω), such that
(w, v) = (∂¯w, u)
holds for all w ∈ Dom(∂¯); we write ∂¯⋆u for v. This reveals that certain
boundary conditions must hold on any smooth (p, q+1)-form, which belongs
to Dom(∂¯⋆). In fact, one can show that u ∈ Dp,q+1(Ω) := Dom(∂¯⋆) ∩
Λp,q+1(Ω¯) holds if and only if
n∑
k=1
uI,kJ
∂r
∂zk
= 0on bΩ
for all I and J which are strictly increasing index sets of length p and q,
respectively. Here, r is a defining function of Ω.
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The Hilbert space adjoint, ∂¯⋆φ, to ∂¯ with respect to the L
2(Ω, φ)-inner
product is defined by ∂¯⋆φ = e
φ∂¯⋆e−φ. In view of (2.2) it is easy to see that
Dom(∂¯⋆) = Dom(∂¯⋆φ) holds.
Now we are ready to formulate the ∂¯-Neumann problem. It is the follow-
ing: given f ∈ L2p,q(Ω), find u ∈ L2p,q(Ω) such that the following holds

(∂¯∂¯⋆ + ∂¯⋆∂¯)u = f
u ∈ Dom(∂¯) ∩Dom(∂¯⋆)
∂¯u ∈ Dom(∂¯⋆), ∂¯⋆u ∈ Dom(∂¯)
(2.3)
The complex Laplacian, p,q := ∂¯∂¯
⋆+∂¯⋆∂¯, is itself elliptic, but the boundary
conditions, which are implied by membership to Dom(∂¯⋆), are not. The
ellipticity of p,q implies that G˚arding’s inequality holds in the interior of
Ω, i.e.
‖u‖21 . ‖∂¯u‖2 + ‖∂¯⋆u‖2 for u ∈ Λp,qc (Ω),(2.4)
where ‖.‖1 denotes the usual L2-Sobolev 1-norm. We remark, though, (2.4)
does not hold for general u ∈ Dp,q(Ω). However, a substitute estimate, (2.5)
below, does hold for u ∈ Dp,q(Ω).
Let p ∈ bΩ. We may choose a neighborhood U of p and a local coordinate
system (x1, . . . , x2n−1, r) ∈ R2n−1×R, such that the last coordinate is a local
defining function of the boundary. Call (U, (x, r)) a special boundary chart.
We shall denote the dual variable of x by ξ, and define 〈x, ξ〉 :=∑2n−1j=1 xjξj.
For f ∈ C∞c (U ∩ Ω¯) we define the tangential Fourier transform of f by
f˜(ξ, r) :=
∫
R2n−1
e−2πi〈x,ξ〉f(x, r)dx.
Via the tangential Bessel potential Λst of order s,
(Λstf)(x, r) :=
∫
R2n−1
e2πi〈x,ξ〉(1 + |ξ|2) s2 f˜(ξ, r)dξ,
we can define the tangential L2-Sobolev norm of f of order s by
|||f |||2s := ‖Λstf‖2 =
∫ 0
−∞
∫
R2n−1
(1 + |ξ|2)s|f˜(ξ, r)|2dξdr.
A subelliptic estimate of order ǫ > 0 holds if there exists C > 0 such that
|||u|||2ǫ ≤ C‖∂¯u‖2 + ‖∂¯⋆u‖2(2.5)
for u ∈ Dp,q(Ω) supported near the boundary point p.
From here on, we restrict our considerations to (0, q)-forms. The system
(2.3) does not see the dz’s and the general case for (p, q)-forms can be
derived easily. For notational ease we shall write uJ , instead of u0,J , for the
components of a (0, q)-from u. We shall denote the Dirichlet form associated
to 0,q as usual by Q(., .), i.e. Q(u, v) := (∂¯u, ∂¯v) + (∂¯
⋆u, ∂¯⋆v) for u, v ∈
D0,q(Ω).
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For quantities A and B we use the notation |A| . |B| to mean |A| ≤ C|B| for
some constant C > 0, which is independent of relevant parameters. It will
be specifically mentioned or clear from the context, what those parameters
are. Furthermore, we call the elementary inequality |AB| ≤ ηA2 + 14ηB2 for
η > 0 the (sc)-(lc) inequality.
3. Basic estimates
In this section, we derive two basic weighted inequalities for forms in
D0,q(Ω). We will make extensive use of these inequalities in our proof of
subellipticity. Our starting point is the following Proposition 3.1, which has
been derived by McNeal in [McN2].
Proposition 3.1. Let Ω ⊂⊂ Cn be a smoothly bounded, pseudoconvex do-
main, and suppose that φ ∈ C2(Ω¯) ∩ PSH(Ω). If |∂φ|i∂∂¯φ ≤ 1, then
1
2
∑′
|I|=q−1
∫
Ω
n∑
k,l=1
∂2φ
∂zk∂z¯l
ukI u¯lIe
−2φdV ≤ ‖∂¯u‖22φ + 3‖∂¯⋆φu‖22φ(3.2)
holds for all u ∈ D0,q(Ω).
We remark that inequality (3.2) is one of the key points leading to the
subelliptic estimate. In fact, this inequality will be used in section 4 enabling
us to obtain “good” estimates near the boundary. In the following, we derive
a G˚arding-like weighted inequality. This inequality is also crucial as it will
give us “good” estimates in the interior.
Proposition 3.3. Let Ω ⊂⊂ Cn be a smoothly bounded, pseudoconvex do-
main, and suppose that φ ∈ C2(Ω¯)∩PSH(Ω) satisfies |∂φ|i∂∂¯φ ≤ 1√24 . Then
for all u ∈ Λ0,qc (Ω), it holds that
‖ue−φ‖21 . ‖∂¯u‖22φ + ‖∂¯⋆φu‖22φ,(3.4)
where ‖.‖1 denotes the L2-Sobolev 1-norm on Ω.
For the proof of Proposition 3.3 we need to introduce the Hodge-Star
Operator ⋆, that is the map
⋆ : Λp,q(Ω¯) −→ Λn−p,n−q(Ω¯)
defined by ψ ∧ ⋆ϕ = 〈ψ,ϕ〉dV for ψ,ϕ ∈ Λp,q(Ω¯). The basic properties of
the Hodge-Star Operator are summarized in the following lemma.
Lemma 3.5. (i) ⋆⋆ = (−1)p+q id on Λp,q(Ω¯),
(ii) |ϕ| = | ⋆ ϕ| for ϕ ∈ Λp,q(Ω¯), where |ϕ|2 = 〈ϕ,ϕ〉,
(iii) ∂¯⋆ = − ⋆ ∂¯⋆ on Λp,qc (Ω¯).
A proof of Lemma 3.5 can be found in [Che-Sha], chapter 9.
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Proof of Proposition 3.3. Let u ∈ Λ0,qc (Ω¯). By G˚arding’s inequality (2.4),
we have
‖ue−φ‖21 . ‖∂¯(ue−φ)‖2 + ‖∂¯⋆(ue−φ)‖2 = ‖∂¯(ue−φ)‖2 + ‖∂¯⋆φu‖22φ.
Thus we just need to consider the term ‖∂¯(ue−φ)‖2. For that define v ∈
Λn,n−qc (Ω¯) by v = ⋆u. Here we denote the coefficients of v by vJ for |J | =
n− q. Then, by Lemma 3.5 and commuting, it follows
‖∂¯(ue−φ)‖2 = ‖∂¯⋆(ve−φ)‖2 . ‖∂¯⋆v‖22φ + ‖[∂¯⋆, φ]v‖22φ
= ‖ − ⋆∂¯ ⋆ v‖22φ +
∑′
|J |=n−q−1
‖
n∑
l=1
∂φ
∂zl
vlJ‖22φ
≤ ‖∂¯u‖22φ +
∑′
|J |=n−q−1
∫
Ω
n∑
k,l=1
∂2φ
∂zk∂z¯l
vkJ v¯lJe
−2φdV,
where the last step follows from φ having a self-bounded complex gradient.
Note that v ∈ Dn,n−q(Ω), since v is identically zero on the boundary of Ω.
Hence we can apply inequality (3.2):
∑′
|J |=n−q−1
∫
Ω
n∑
k,l=1
∂2φ
∂zk∂z¯l
vkJ v¯lJe
−2φdV ≤ 2‖∂¯v‖22φ + 6‖∂¯⋆φv‖22φ.
Since |∂φ|i∂∂¯φ ≤ 1√24 , it follows that
‖∂¯⋆φv‖22φ ≤ 2‖∂¯⋆v‖22φ + 2‖[∂¯⋆, φ]v‖22φ
= 2‖∂¯⋆v‖22φ + 2
∑′
|J |=n−q−1
‖
n∑
l=1
∂φ
∂zl
vlJ‖22φ
≤ 2‖∂¯⋆v‖22φ +
1
12
∑′
|J |=n−q−1
∫
Ω
n∑
k,l=1
∂2φ
∂zk∂z¯l
vkJ v¯lJe
−2φdV.
Thus we obtain∑′
|J |=n−q−1
∫
Ω
n∑
k,l=1
∂2φ
∂zk∂z¯l
vkJ v¯lJe
−2φdV ≤ 4‖∂¯v‖22φ + 24‖∂¯⋆v‖22φ
= 4‖∂¯⋆u‖22φ + 24‖∂¯u‖22φ
where the second line holds by Lemma 3.5. So we are left with estimating
the term ‖∂¯⋆u‖22φ. As before, we just need to commute:
‖∂¯⋆u‖22φ . ‖∂¯⋆φu‖22φ + ‖[∂¯⋆, φ]u‖22φ = ‖∂¯⋆φu‖22φ +
∑′
|I|=q−1
‖
n∑
l=1
∂φ
∂zl
ulI‖22φ
≤ ‖∂¯⋆φu‖22φ +
∑′
|I|=q−1
∫
Ω
n∑
k,l=1
∂2φ
∂zk∂z¯l
ukI u¯lIe
−2φdV,
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which, again, follows by the self-bounded complex gradient condition of φ.
To finish we use inequality (3.2) again, that is
∑′
|I|=q−1
∫
Ω
n∑
k,l=1
∂2φ
∂zk∂z¯l
ukI u¯lIe
−2φdV . ‖∂¯u‖22φ + ‖∂¯⋆φu‖22φ.
Collecting all our estimates, we obtain
‖ue−φ‖21 . ‖∂¯u‖22φ + ‖∂¯⋆φu‖22φ for u ∈ Λ0,qc (Ω¯).

Since the L2-Sobolev 1-norm dominates the L2-norm, (3.4) implies that
‖ue−φ‖2 . ‖∂¯u‖22φ + ‖∂¯⋆φu‖22φ
holds for all u ∈ Λ0,qc (Ω). In the following, we show that this inequality is
in fact true for all u ∈ D0,q(Ω).
Proposition 3.6. Let Ω ⊂⊂ Cn be a smoothly bounded, pseudoconvex do-
main, and suppose that φ ∈ C2(Ω¯)∩PSH(Ω) satisfies |∂φ|i∂∂¯φ ≤ 1√2 . Then
for u ∈ D0,q(Ω) it holds that
‖u‖22φ . ‖∂¯u‖22φ + ‖∂¯⋆φu‖22φ.(3.7)
Proof. Set ψt(z) = φ(z) + t|z|2 for t > 0. Then ψt is strictly plurisubhar-
monic, since for ξ ∈ Cn, z ∈ Ω it holds
n∑
k,l=1
∂2ψt
∂zk∂z¯l
(z)ξk ξ¯l =
n∑
k,l=1
∂2φ
∂zk∂z¯l
(z)ξk ξ¯l + t|ξ|2.
Moreover, we observe that
|
n∑
k=1
∂ψt
∂zk
(z)ξk|2 ≤ 2|
n∑
k=1
∂φ
∂zk
(z)ξk|2 + 2t2|z|2|ξ|2.
Since Ω is a bounded domain, we can choose a t > 0, such that 24t|z|2 ≤ 1
holds for all z ∈ Ω. Then |∂ψt|i∂∂¯ψt ≤ 1, and thus inequality (3.2) holds for
ψt. That is
1
2
∑′
|I|=q−1
∫
Ω
n∑
k,l=1
∂2ψt
∂zk∂z¯l
ukI u¯lIe
−2ψtdV ≤ ‖∂¯u‖22ψt + 3‖∂¯⋆ψtu‖22ψt
Note that e−2t|z|2 is bounded from above by 1 and that φ is plurisubharmonic
on Ω. Hence it follows that
1
2
∫
Ω
t|u|2e−2ψtdV ≤ ‖∂¯u‖22φ + 3‖∂¯⋆ψtu‖22ψt
≤ ‖∂¯u‖22φ + 6‖∂¯⋆φu‖22φ + 6‖[∂¯⋆, (t|z|2)]u‖22ψt .
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By our choice of t we can estimate the last term
6‖[∂¯⋆, (t|z|2)]u‖22ψt = 6
∑′
|I|=q−1
‖
n∑
k=1
∂(t|z|2)
∂zk
ukI‖22ψt ≤
1
4
t‖u‖22ψt .
Therefore it holds that
1
4
∫
Ω
t|u|2e−2ψt ≤ ‖∂¯u‖22φ + 6‖∂¯⋆φu‖22φ
Since e−t|z|2 is bounded from below on Ω, our claim follows. 
4. Estimates for ∂¯⋆Nq
By a compactness estimate for ∂¯⋆Nq we mean the following: for all η > 0
there exists a C(η) > 0 such that
‖∂¯⋆Nqα‖ . η‖α‖ + C(η)‖α‖−s(4.1)
for all α ∈ L20,q(Ω). Here ‖.‖−s, s > 0, denotes the L2-Sobolev norm of order
−s. The constant in . does depend on s but not on α, η or C(η). The
family of estimates (4.1) is equivalent to ∂¯⋆Nq being a compact operator
from L20,q(Ω) to L
2
0,q−1(Ω); for a proof see for instance [McN2]. We remark
that for compactness of ∂¯⋆Nq it is sufficient to establish (4.1) for ∂¯-closed
forms α ∈ L20,q(Ω), see [McN2].
In this section, we derive with the aid of our weighted estimates from sec-
tion 3 two versions of compactness estimates for ∂¯⋆Nq. We start out with a
quantified version of (4.1), i.e. we describe C(η) for each η.
Since the weight functions {φδ} are just defined on Ω ∩ U , where U is a
neighborhood of a given p ∈ bΩ (see hypotheses in Theorem 1.4), we need
to restrict our considerations to an approximating subdomain of Ω, which
lies in U .
Proposition 4.2. Suppose that Ω ⊂ Cn is a smoothly bounded domain. Let
p be a point in bΩ and suppose that bΩ ∩ U is pseudoconvex, where U is
a neighborhood of p. Then there exists a smoothly bounded, pseudoconvex
domain Ωa ⊂ Ω ∩ U with Ωa ⊂⊂ U satisfying the following properties
(1) bΩ ∩ bΩa contains a neighborhood of p in bΩ,
(2) all points in bΩa \ bΩ are strongly pseudoconvex.
A proof of Proposition 4.2 can be found in [McN1]. We call such a domain
Ωa an approximating subdomain associated to (Ω, p, U). The crucial feature,
for our current purposes, of such an approximating subdomain Ωa is that it
is a smoothly bounded, pseudoconvex domain. Therefore we can apply the
inequalities (3.2), (3.4) and (3.7) on Ωa using the φδ’s as weight functions.
We remark that for using these inequalities a rescaling of the φδ’s might be
necessary, so that |∂φδ|i∂∂¯φδ ≤ 1√24 holds for all δ > 0 sufficiently small.
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Theorem 4.3. Assume the hypotheses of Theorem 1.4. Let Ωa be an approx-
imating subdomain associated to (Ω, p, U). Then there exists a neighborhood
V ⊂⊂ U of p, such that for α ∈ L20,q(Ωa), ∂¯-closed and supported in V ∩ Ω¯a,
the following estimate holds:
‖∂¯⋆NΩaq α‖2Ωa . δ2ǫ‖α‖2Ωa + δ−2+2ǫ‖α‖2−1,Ωa .(4.4)
The constant in . neither depends on α nor δ.
Proof. For notational ease we shall write ‖.‖ for ‖.‖Ωa and Nq for NΩaq .
Let W ⊂⊂ U be a neighborhood of p, such that W ∩ Ω ⊂ Ωa and W ∩
bΩa ⊂⊂ bΩ. Also, let V ⊂⊂ W be a neighborhood of p and α ∈ L20,q(Ωa)
be a ∂¯-closed form, which is supported in V ∩ Ω¯a. Define the functional
F : ({e−φδ2 ∂¯⋆φδu |u ∈ D0,q(Ωa)}, ‖.‖φδ ) −→ C by
F (e−
φδ
2 ∂¯⋆φδu) = (u, α)φδ .
We start with showing that F satisfies the following estimate
|F (e−φδ2 ∂¯⋆φδu)| . ‖e−
φδ
2 ∂¯⋆φδu‖φδ (δǫ‖α‖+ δ−1+ǫ‖α‖−1).(4.5)
Recall that Sδ = {z ∈ Ωa | − δ < r(z) < 0}, where r is the fixed defining
function of Ω. Let χ ∈ C∞c (W ) such that χ ≡ 1 on V and χ ≥ 0. Recall
that the support of α is in V . Then, by the generalized Cauchy-Schwarz
inequality, we obtain
|F (e−φδ2 ∂¯⋆φδu)| = |(u, α)φδ |
. ‖ue−φδ‖W∩Sδ‖α‖ + ‖e−φδχu‖Ωa\Sδ1 ‖α‖−1.
In view of our claim (4.5) we need to estimate the terms ‖ue−φδ‖W∩Sδ and
‖e−φδχu‖Ωa\Sδ1 appropriately.
1. Estimating ‖ue−φδ‖W∩Sδ : Recall that φδ has a self-bounded complex
gradient on Ωa ⊂ U ∩Ω by hypothesis (i). Hence inequality (3.2) holds, and
the plurisubharmonicity of φδ implies then, that∑′
|I|=q−1
∫
W∩Sδ
n∑
k,l=1
∂2φδ
∂zk∂z¯l
ukI u¯lIe
−2φδdV . ‖∂¯u‖22φδ + ‖∂¯⋆φδu‖22φδ
holds uniformly for all δ > 0 small. Invoking hypothesis (ii) and noting that
W ⊂ U yields
‖u‖W∩Sδ2φδ . δ
ǫ(‖∂¯u‖2φδ + ‖∂¯⋆φδu‖2φδ ).(4.6)
2. Estimating ‖e−φδχu‖Ωa\Sδ1 : Let hδ : R+0 −→ [0, 1] be a smooth function
with hδ(x) = 0 for x ∈ [0, δ2 ] and hδ(x) = 1 for x ≥ δ. We can choose hδ
such that |h′δ | . δ−1. Define ζδ ∈ C∞(Ω¯a) by ζδ(z) = hδ(−r(z)), where r is
the fixed defining function of Ω. Note that∣∣∣∣ ∂ζδ∂xj
∣∣∣∣ . δ−1
∣∣∣∣ ∂r∂xj
∣∣∣∣ . δ−1(4.7)
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holds on Ωa for all j ∈ {1, . . . , 2n}. Clearly, we have
‖e−φδχu‖Ωa\Sδ1 ≤ ‖e−φδζδχu‖1.
Since ζδ · χ is identically zero near the boundary of Ωa, we can use our
weighted G˚arding’s inequality (3.4) to start estimating
‖e−φδζδχu‖21 . ‖∂¯(ζδχu)‖22φδ + ‖∂¯⋆φδ (ζδχu)‖22φδ
. ‖∂¯u‖22φδ + ‖∂¯⋆φδu‖22φδ +
2n∑
j=1
(
‖ ∂ζδ
∂xj
χu‖22φδ + ‖
∂χ
∂xj
u‖22φδ
)
. ‖∂¯u‖22φδ + ‖∂¯⋆φδu‖22φδ +
2n∑
j=1
max
z∈Ω¯a
∣∣∣∣ ∂ζδ∂xj
∣∣∣∣2 (‖u‖W∩Sδ2φδ )2 + ‖u‖22φ.
The last estimate holds since χ is supported in W and ∂ζδ
∂xj
= 0 on Ωa\Sδ.
By the inequalities (3.7) and (4.7), it follows
‖e−φδζδχu‖21 . ‖∂¯u‖22φδ + ‖∂¯⋆φδu‖22φδ + δ−2(‖u‖
W∩Sδ
2φδ
)2
for all δ > 0 small enough. Using the estimate (4.6) for ‖u‖W∩Sδ2φδ , we obtain
‖e−φδζδχu‖21 . δ−2+2ǫ(‖∂¯u‖22φδ + ‖∂¯⋆φδu‖22φδ ),
thus we can conclude
(‖e−φδχu‖Ωa\Sδ1 )2 . δ−2+2ǫ(‖∂¯u‖22φδ + ‖∂¯⋆φδu‖22φδ ).(4.8)
Write u = u1 + u2, where u1 ∈ ker ∂¯ and u2 ⊥φδ ker ∂¯. Note that u1 ∈
D0,q(Ωa). Thus, since α ∈ ker ∂¯, we get, using the estimates (4.6) and (4.8),
|(u, α)φδ | = |(u1, α)φδ | . ‖∂¯⋆φδu1‖2φδ (δǫ‖α‖ + δ−1+ǫ‖α‖−1).
However, u2 ⊥φδ ker ∂¯, therefore we get ‖∂¯⋆φδu‖22φδ = ‖∂¯⋆φδu1‖22φδ . Hence our
claimed inequality (4.5) holds:
|F (e−φδ2 ∂¯⋆φδu)| = |(u, α)φδ | . ‖e−
φδ
2 ∂¯⋆φδu‖φδ (δǫ‖α‖+ δ−1+ǫ‖α‖−1).
That is, F is a bounded linear functional on ({e−φδ2 ∂¯⋆φδu |u ∈ D0,q(Ωa)}, ‖.‖φδ ),
which is a subset of L20,q−1(Ωa, φδ). By the Hahn-Banach Theorem, F
extends to a bounded linear functional on L20,q−1(Ωa, φδ) with the same
bound. The Riesz representation theorem yields, that there exists a unique
v ∈ L20,q−1(Ωa, φδ) such that for all g ∈ L20,q−1(Ωa, φδ)
F (g) = (g, v)φδ ,
‖v‖2φδ . δ2ǫ‖α‖2 + δ−2+2ǫ‖α‖2−1.
In particular, we get for all u ∈ D0,q(Ωa)
(u, ∂¯(e−
φδ
2 v))φδ = (e
−φδ
2 ∂¯⋆φδu, v)φδ = (u, α)φδ .
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Note that D0,q(Ωa) is dense in L2(0,q)(Ωa, φδ). Hence, setting s = e−
φδ
2 v, it
follows that ∂¯s = α in the distributional sense and
‖s‖2 . δ2ǫ‖α‖2 + δ−2+2ǫ‖α‖2−1.
But the minimal L2(Ωa)-solution, ∂¯
⋆Nqα, to the ∂¯-problem for α on Ωa must
also satisfy this estimate; that is
‖∂¯⋆Nqα‖2 . δ2ǫ‖α‖2 + δ−2+2ǫ‖α‖2−1.(4.9)

Remark. Observe that the only point where the form level q of the (0, q)-
forms comes into play, is in hypothesis (ii) of Theorem 1.4. Notice that
this condition on the complex hessian of φδ near the boundary also holds
for (0, q + 1)-forms. Thus by a proof analogous to the above, we obtain
the following: there exists a neighborhood V ⊂⊂ U of p such that for all
β ∈ L0,q+1(Ωa), which are ∂¯-closed and supported in V ∩ Ω¯a, the following
estimate holds
‖∂¯⋆NΩaq+1β‖2 . δ2ǫ‖β‖2Ωa + δ−2+2ǫ‖β‖2−1,Ωa .(4.10)
These families of estimates, (4.9) and (4.10), are the heart of the matter
for our proof of subellipticity. But to convert these estimates on ∂¯⋆NΩaq and
∂¯⋆NΩaq+1 to usable estimates on D0,q(Ω), we shall need exact regularity of the
operator ∂¯⋆∂¯NΩaq . By exact regularity we mean that ∂¯
⋆∂¯NΩaq preserves the
L2-Sobolev spaces.
Kohn showed in [Koh3], that exact regularity of ∂¯⋆∂¯NΩq follows from
compactness of NΩq on L
2
0,q(Ω), if Ω is a smoothly bounded, pseudoconvex
domain. It is an easy consequence of the formula
Nq = (∂¯Nq−1)(∂¯⋆Nq) + (∂¯⋆Nq+1)(∂¯Nq),
that compactness of the operators ∂¯⋆Nq and ∂¯
⋆Nq+1 implies compactness of
Nq.
The estimates (4.9) and (4.10) do not imply compactness as they do not
hold for all ∂¯-closed forms in L20,q(Ωa) and L
2
0,q+1(Ωa), respectively. However,
we show below that NΩaq is a compact operator on L
2
0,q(Ωa) by using a proof
similar to the one of Theorem 4.3. The crucial property of the approximating
subdomain Ωa for this argument is that Ωa is strongly pseudoconvex off the
boundary of Ω. In particular, we use Kohn’s result that near a point in the
boundary of strong pseudoconvexity a subelliptic estimate of order 12 holds.
Proposition 4.11. Assume that the hypotheses of Theorem 1.4 hold. Let
Ωa be an approximating subdomain associated to (Ω, p, U). Then the ∂¯-
Neumann operator NΩaq is a compact operator on L
2
0,q(Ωa).
Proof. As before, we write Nq for N
Ωa
q , and ‖.‖ for ‖.‖Ωa . We start out with
showing that ∂¯⋆Nq is a compact operator. By the remark following (4.1) we
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obtain compactness of ∂¯⋆Nq, if we can show that for all η > 0 there exists a
C(η) > 0 such that
‖∂¯⋆Nqα‖ . η‖α‖ + C(η)‖α‖− 1
2
holds for all ∂¯-closed α ∈ L20,q(Ωa).
Let η > 0 be given. By our hypotheses there exists a function φη ∈
C2(Ω¯a)∩PSH(Ωa) which has a self-bounded complex gradient and satisfies
∑′
|I|=q−1
n∑
k,l=1
∂2φη
∂zk∂z¯l
(z)ukI u¯lI ≥ η−2|u|2 for u ∈ Λ0,q(Ωa)(4.12)
on a strip Sη′ = {z ∈ Ωa ∩Ω | − η′ < r(z) < 0} for some η′ > 0 chosen small
enough, depending on η. Here r is the fixed defining function of Ω.
Let α be a ∂¯-closed (0, q)-form with coefficients in L2(Ωa). Define the
linear functional F : ({e−φη2 ∂¯⋆φηu |u ∈ D0,q(Ωa)}, ‖ . ‖φη ) −→ C by
F (e−
φη
2 ∂¯⋆φηu) = (u, α)φη .
We shall show that F is a bounded functional satisfying
|F (e−φη2 ∂¯⋆φηu)| . ‖e−
φη
2 ∂¯⋆φηu‖φη(η‖α‖ + C(η)‖α‖− 1
2
)(4.13)
for some C(η) > 0. For that let χ ∈ C∞(Ωa) be a non-negative function
such that χ = 1 on Ωa \ Sη′ and χ = 0 on S η′
2
. Then
|F (e−φη2 ∂¯⋆φηu)| = |(u, α)Sη′ |+ |(u, α)Ωa\Sη′ |
. ‖ue−φη‖Sη′‖α‖+ ‖χue−φη‖ 1
2
‖α‖− 1
2
,
where the second line follows by the generalized Cauchy-Schwarz inequality.
In view of our claimed inequality (4.13), we need to get control of the terms
‖ue−φη‖Sη′ and ‖χue−φη‖ 1
2
.
Since φη ∈ C2(Ω¯a) ∩ PSH(Ωa) has a self-bounded complex gradient and
Ωa is pseudoconvex, we can use inequality (3.2) to estimate ‖ue−φη‖Sη′ :
∑′
|I|=q−1
∫
Sη′
n∑
k,l=1
∂2φη
∂zk∂z¯l
ukI u¯lIe
−2φηdV . ‖∂¯u‖22φη + ‖∂¯⋆φηu‖22φη .
By inequality (4.12) it follows
(‖ue−φη‖Sη′ )2 . η(‖∂¯u‖22φη + ‖∂¯⋆φηu‖22φη ).
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In order to estimate ‖χue−φη‖ 1
2
, note that suppχ∩ bΩa ⊂⊂ bΩa \ bΩ and
recall that, by our choice of Ωa, we have that bΩa\bΩ is strongly pseudocon-
vex. Thus an subelliptic estimate of order 12 holds for χue
−φη :
‖χue−φη‖21
2
. ‖∂¯(χue−φη )‖2 + ‖∂¯⋆(χue−φη )‖2
. C(η)2(‖∂¯u‖22φη + ‖∂¯⋆φηu‖22φη + ‖u‖22φη )
. C(η)2(‖∂¯u‖22φη + ‖∂¯⋆φηu‖22φη ),
where the last line follows by inequality (3.7).
Now we are set up for proving inequality (4.13). Write u = u1+u2, where
u1 ∈ ker ∂¯ and u2 ⊥φη ker ∂¯. Thus, since α ∈ ker ∂¯, we get, using our above
estimates for the terms ‖ue−φη‖Sη′ and ‖χue−φη‖ 1
2
,
|F (e−φη2 ∂¯⋆φηu)| = |(u1, α)φη | . ‖u1e−φη‖Sη′‖α‖+ ‖χu1e−φη‖ 1
2
‖α‖− 1
2
. ‖∂¯⋆φηu1‖2φη (η‖α‖ + C(η)‖α‖− 1
2
).
Recall that ‖∂¯⋆φηu‖2φη = ‖∂¯⋆φηu1‖2φη holds, since u2 ⊥φη ker ∂¯. This implies
our claimed inequality (4.13). By arguments analogous to the ones in the
proof of Theorem 4.3 it follows that
‖∂¯⋆Nqα‖ . η‖α‖ + C(η)‖α‖− 1
2
.
holds for all ∂¯-closed forms α ∈ L20,q(Ωa). Thus ∂¯⋆Nq is a compact oper-
ator from L20,q(Ωa) to L
2
0,q−1(Ωa). A similar proof yields the compactness
of ∂¯⋆Nq+1. Therefore Nq, the ∂¯-Neumann operator on Ωa, is a compact
operator on L20,q(Ωa). 
5. Estimates on D0,q(Ω)
In this section we convert the families of estimates, (4.9) and (4.10), ob-
tained in section 4 to estimates for forms in D0,q(Ω). As already mentioned
in section 4, we need exact regularity to hold for operators related to NΩaq .
We begin with a result of Kohn.
Proposition 5.1. Suppose Ω ⊂⊂ Cn is a smoothly bounded, pseudoconvex
domain, such that its ∂¯-Neumann operator, Nq, is compact on L
2
0,q(Ω). Let
s > 0, then the following holds
(1) if β ∈ Hs0,q(Ω), then ‖∂¯⋆∂¯Nqβ‖s . ‖β‖s,
(2) if β ∈ Hs0,q−1(Ω), then ‖Nq∂¯β‖s . ‖β‖s.
Here, the constants in . depend on s but not on β.
A proof of Proposition 5.1 is contained in [Koh3]. An easy consequence of
Proposition 5.1 is the exact regularity of the L2-adjoint operators of ∂¯⋆∂¯Nq
and Nq∂¯ in the L
2-Sobolev spaces of negative order. In particular, the
following holds.
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Lemma 5.2. Suppose Ω ⊂⊂ Cn is a smoothly bounded, pseudoconvex do-
main, such that its ∂¯-Neumann operator, Nq, is compact on L
2
0,q(Ω). Then,
if α ∈ Λ0,q(Ω¯), it follows that
‖∂¯⋆Nqα‖−1 . ‖α‖−1,(5.3)
‖∂¯∂¯⋆Nqα‖−1 . ‖α‖−1.(5.4)
Proof. Let α ∈ Λ0,q(Ω¯). Then
‖∂¯⋆Nqα‖−1 = sup{(∂¯⋆Nqα, β) |β ∈ H10,q−1(Ω), ‖β‖1 ≤ 1}.
Since β ∈ H10,q−1(Ω) is in Dom(∂¯), we obtain
(∂¯⋆Nqα, β) = (Nqα, ∂¯β) = (α,Nq ∂¯β) . ‖α‖−1‖Nq∂¯β‖1,
by the generalized Cauchy-Schwarz inequality. Proposition 5.1, part (2),
yields exact regularity for Nq∂¯, in particular ‖Nq∂¯β‖1 . ‖β‖1 holds for all
β ∈ H10,q−1(Ω). Thus we have
‖∂¯⋆Nqα‖−1 . sup{‖α‖−1‖β‖1 |β ∈ H10,q−1(Ω), ‖β‖1 ≤ 1} = ‖α‖−1,
which proves (5.3).
The proof of (5.4) is very similar. Since α = (∂¯∂¯⋆Nq + ∂¯
⋆∂¯Nq)α, it holds
that
‖∂¯∂¯⋆Nqα‖−1 = ‖α− ∂¯⋆∂¯Nqα‖−1 ≤ ‖α‖−1 + ‖∂¯⋆∂¯Nqα‖−1,
where
‖∂¯⋆∂¯Nqα‖−1 = sup{(∂¯⋆∂¯Nqα, β) |β ∈ H10,q(Ω), ‖β‖1 ≤ 1}.
As before, note that β ∈ H10,q(Ω) is in Dom(∂¯). Moreover, since α ∈ Λ0,q(Ω¯),
it holds that ∂¯Nqα = Nq+1∂¯α. Thus we obtain
(∂¯⋆∂¯Nqα, β) = (Nq+1∂¯α, ∂¯β) = (α, ∂¯
⋆Nq+1∂¯β) = (α, ∂¯
⋆∂¯Nqβ)
. ‖α‖−1‖∂¯⋆∂¯Nqβ‖1.
Part (1) of Proposition 5.1 tells us that ‖∂¯⋆∂¯Nqβ‖1 . ‖β‖1 holds for all
β ∈ H10,q(Ω). Hence it follows
‖∂¯⋆∂¯Nqα‖−1 . sup{‖α‖−1‖β‖1 |β ∈ H10,q(Ω), ‖β‖1 ≤ 1} = ‖α‖−1,
which proves (5.4). 
Recall that we showed in Proposition 4.11 that the ∂¯-Neumann operator,
NΩaq , associated to the approximating subdomain Ωa is compact. Therefore,
the exact regularity results (5.3) and (5.4) hold for NΩaq . Now we are ready
to derive estimates for forms in D0,q(Ω).
Proposition 5.5. Assume the hypotheses of Theorem 1.4. Then there exists
a neighborhood W ⊂⊂ U of p, such that for all sufficiently small δ > 0 and
η > 0
‖u‖2Ω .
δ2ǫ
η
(‖∂¯u‖2Ω + ‖∂¯⋆u‖2Ω + δ−2‖∂¯u‖2−1,Ω) + ηδ−2‖u‖2−1,Ω
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holds for u ∈ D0,q(Ω) supported in W ∩ Ω¯. Here, the constant in . does
depend on η but not on δ.
Proof. Recall that Theorem 4.3 and the following remark say that if Ωa
is an approximating subdomain associated to (Ω, p, U), then there exists a
neighborhood V ⊂⊂ U of p such that
‖∂¯⋆NΩaq α‖2Ωa . δ2ǫ‖α‖2Ωa + δ−2+2ǫ‖α‖2−1,Ωa ,(5.6)
‖∂¯⋆NΩaq+1β‖2Ωa . δ2ǫ‖β‖2Ωa + δ−2+2ǫ‖β‖2−1,Ωa(5.7)
hold for all α ∈ L20,q(Ωa) and β ∈ L20,q+1(Ωa), which are ∂¯-closed and sup-
ported in V ∩ Ω¯a. For notational ease we denote the L2-norm on Ωa by ‖.‖
and write Nq for the ∂¯-Neumann operator on Ωa.
Recall that V in Theorem 4.3 was chosen such that V ∩ bΩa ⊂⊂ bΩ. Let
W ⊂⊂ V be a neighborhood of p, and ζ ∈ C∞c (V ), ζ ≥ 0 and ζ ≡ 1 on W .
Let u ∈ D0,q(Ω) be supported in W ∩ Ω¯. Then it follows that u ∈ D0,q(Ωa).
Since we can write
u = ζu = ζ∂¯Nq−1∂¯⋆u+ ζ∂¯⋆Nq+1∂¯u,
we obtain the estimate
‖u‖2 . ‖ζ∂¯Nq−1∂¯⋆u‖2 + ‖∂¯⋆Nq+1∂¯u‖2.
Because ∂¯u is a ∂¯-closed (0, q + 1)-form supported in W ⊂⊂ V , we can use
inequality (5.7) to estimate the last term in the above inequality, i.e.
‖u‖2 . ‖ζ∂¯Nq−1∂¯⋆u‖2 + δ2ǫ‖∂¯u‖2 + δ−2+2ǫ‖∂¯u‖2−1,(5.8)
So we are left with estimating ‖ζ∂¯Nq−1∂¯⋆u‖2:
‖ζ∂¯Nq−1∂¯⋆u‖2 = ([ζ2, ∂¯]Nq−1∂¯⋆u, ∂¯Nq−1∂¯⋆u) + (∂¯ζ2Nq−1∂¯⋆u, ∂¯Nq−1∂¯⋆u)
= ([ζ2, ∂¯]Nq−1∂¯⋆u, u− ∂¯⋆Nq+1∂¯u) + (∂¯ζ2Nq−1∂¯⋆u,Nq ∂¯∂¯⋆u),
since ∂¯Nq−1∂¯⋆u = Nq∂¯∂¯⋆u for u ∈ D0,q(Ωa). By our choice of the cut-off
function ζ it follows, that the supports of [ζ2, ∂¯]Nq−1∂¯⋆u and u are disjoint.
Therefore
‖ζ∂¯Nq−1∂¯⋆u‖2 . ‖[ζ2, ∂¯]∂¯⋆Nqu‖ ‖∂¯⋆Nq+1∂¯u‖︸ ︷︷ ︸
(A)
+ ‖∂¯⋆Nq(∂¯ζ2Nq−1∂¯⋆u)‖ ‖∂¯⋆u‖︸ ︷︷ ︸
(B)
.
Using the (sc)-(lc) inequality, we get
(A) . η‖[ζ2, ∂¯]∂¯⋆Nqu‖2 + 1
η
‖∂¯⋆Nq+1∂¯u‖2
for η > 0. Recall that ∂¯⋆Nq+1 is a bounded map from L
2
(0,q+1)(Ωa) to
L2(0,q)(Ωa), and also note that [ζ
2, ∂¯] is a differential operator of order zero.
Using inequality (5.7) again, we obtain
(A) . η‖u‖2 + 1
η
(δ2ǫ‖∂¯u‖2 + δ−2+2ǫ‖∂¯u‖2−1).
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To estimate term (B) note that ∂¯ζ2Nq−1∂¯⋆u is a ∂¯-closed (0, q)-form, which
is supported in V . Thus, by our estimate (5.6) on ∂¯⋆Nq , it follows
‖∂¯⋆Nq(∂¯ζ2Nq−1∂¯⋆u)‖ . δǫ ‖∂¯ζ2Nq−1∂¯⋆u‖︸ ︷︷ ︸
(B1)
+δ−1+ǫ ‖∂¯ζ2Nq−1∂¯⋆u‖−1︸ ︷︷ ︸
(B2)
.
By commuting ∂¯ and ζ2, we obtain for (B1):
(B1) ≤ ‖ζ2∂¯∂¯⋆Nqu‖+ ‖[ζ2, ∂¯]∂¯⋆Nqu‖ . ‖∂¯∂¯⋆Nqu‖+ ‖∂¯⋆Nqu‖ . ‖u‖,
The last step holds, since ∂¯∂¯⋆Nq is a bounded operator on L
2
0,q(Ωa) and
∂¯⋆Nq is a bounded operator from L
2
0,q(Ωa) to L
2
0,q−1(Ωa).
For estimating (B2) commute ∂¯ and ζ
2 again, that is
(B2) ≤ ‖ζ2∂¯∂¯⋆Nqu‖−1 + ‖[ζ2, ∂¯]∂¯⋆Nqu‖−1
. ‖∂¯∂¯⋆Nqu‖−1 + ‖∂¯⋆Nqu‖−1 . ‖u‖−1.
by (5.3) and (5.4). Combining our estimates for (B1) and (B2), we get
(B) . (δǫ‖u‖+ δ−1+ǫ‖u‖−1‖)‖∂¯⋆u‖ . η(‖u‖2 + δ−2‖u‖2−1) +
δ2ǫ
η
‖∂¯⋆u‖2,
where the last step, again, follows by the (sc)-(lc) inequality, and η > 0.
Recall that we need the above estimates on (A) and (B) to get control on
the term ‖ζ∂¯Nq−1∂¯⋆u‖. We now have
‖ζ∂¯Nq−1∂¯⋆u‖2 . δ
2ǫ
η
(‖∂¯u‖2 + ‖∂¯⋆u‖2 + δ−2‖∂¯u‖2−1) + η(‖u‖2 + δ−2‖u‖2−1).
Combining this last estimate with inequality (5.8), it follows that
‖u‖2 . δ
2ǫ
η
(‖∂¯u‖2 + ‖∂¯⋆u‖2 + δ−2‖∂¯u‖2−1) + η(‖u‖2 + δ−2‖u‖2−1)
holds uniformly for all η > 0. Finally, for all sufficiently small η > 0 we can
absorb the term η‖u‖2 into the left hand side and obtain
‖u‖2 . δ
2ǫ
η
(‖∂¯u‖2 + ‖∂¯⋆u‖2 + δ−2‖∂¯u‖2−1) + ηδ−2‖u‖2−1.
Recall that here ‖.‖ denotes the L2-norm on Ωa. However, Ωa ⊂ Ω and
u ∈ D0,q(Ω) is supported in W ∩Ωa. Thus we can conclude
‖u‖2Ω .
δ2ǫ
η
(‖∂¯u‖2Ω + ‖∂¯⋆u‖2Ω + δ−2‖∂¯u‖2−1,Ω) + ηδ−2‖u‖2−1,Ω.
for all η > 0 sufficiently small. 
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6. Subelliptic estimate
In this section we show how to derive subelliptic estimates from the family
of estimates obtained in Proposition 5.5. We begin with stating the main
result of this section.
Theorem 6.1. Let Ω ⊂⊂ Cn be a smoothly bounded domain, p a point on
the boundary of Ω. Let V be a special boundary chart near p such that V ∩bΩ
is pseudoconvex. Suppose that
‖u‖2 . δ
2ǫ
η
(Q(u, u) + δ−2‖∂¯u‖2−1) + ηδ−2‖u‖2−1(6.2)
holds for all u ∈ D0,q(Ω) supported in V ∩ Ω¯, and for all η, δ > 0 sufficiently
small. Let W ⊂⊂ V be a neighborhood of p. Then
|||u|||2ǫ . Q(u, u)
holds for all u ∈ D0,q(Ω) which are supported in W ∩ Ω¯.
For the proof of Theorem 6.1 we use a method from [Cat]. That is,
we introduce a sequence of pseudo-differential operators, which represent a
partition of unity in the tangential Fourier transform variables:
Let {pk(t)}∞k=0 be a sequence of functions on R satisfying the following
conditions:
(1)
∑∞
k=0 p
2
k(t) = 1 for all t ∈ R,
(2) p0(t) = 0 for all t ≥ 2, and pk(t) = 0 for all t /∈ (2k−1, 2k+1), k ≥ 1.
We can choose the pk’s such that |p′k(t)| ≤ C2−k holds for all k ∈ N0,
t ∈ R for some C > 0. Let S(R2n) be the class of Schwartz functions on
R
2n. Denote by R2n− the set {(x1, . . . , x2n−1, r) | r ≤ 0} and S(R2n− ) be the
restriction of S(R2n) to R2n− .
For f ∈ S(R2n− ) define the operators Pk by
P˜kf(ξ, r) := pk(|ξ|)f˜(ξ, r),
where f˜ is the tangential Fourier transform, that is
f˜(ξ, r) =
∫
R2n−1
e−2πi〈x,ξ〉f(x, r)dx.
On (0, q)-forms we define the Pk’s to act componentwise.
One of the crucial features of such operators Pk is that it makes the
tangential Sobolev s-norm of a function f ∈ S(R2n− ) comparable to a series
involving L2-norms of Pkf . In general, we have:
Lemma 6.3. For f ∈ S(R2n− ) and s = s1 + s2 it holds that
|||f |||2s ∼=
∞∑
k=0
22ks1 |||Pkf |||2s2 .
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Proof. Let f ∈ S(R2n− ), s = s1 + s2. From the definition of the tangential
Sobolev s-norm and since
∑∞
k=0 p
2
k = 1 holds, it follows that
|||f |||2s =
∫ 0
−∞
∫
R2n−1
(1 + |ξ|2)s(
∞∑
k=0
p2k(|ξ|))|f˜ (ξ, r)|2dξdr.
Since (1 + |ξ|2)s1 ∼= 22ks1 as long as |ξ| is in the support of pk, we obtain
|||f |||2s ∼=
∞∑
k=0
22ks1
∫ 0
−∞
∫
R2n−1
(1 + |ξ|2)s2 |pk(|ξ|)f˜ (ξ, r)|2dξdr
=
∞∑
k=0
22ks1 |||Pkf |||2s2 .

Suppose u =
∑′
|J |=q vJdz¯
J is in D0,q(Ω) and supported in V ∩ Ω¯, where
V is a special boundary chart near a boundary point p. Then we can write
u =
∑′
|I|=q
uIdx
I ,
where I = {i1, ..., iq} with 1 ≤ il ≤ 2n. The operator Pk acting on a
(0, q)-form u means the following:
Pku =
∑′
|I|=q
(PkuI)dx
I .
We remark that u ∈ D0,q(Ω) if and only if uI(x′, 0) = 0 for x′ ∈ R2n−1
whenever 2n ∈ I. This leads to another crucial property of the operator Pk,
that is: Pku ∈ D0,q(Ω) whenever u ∈ D0,q(Ω). However, the Pk’s do not
see the support of u, i.e. if u is compactly supported, we can not conclude
the same for Pku. Thus inequality (6.2) does not hold for Pku in general.
We shall introduce an appropriately chosen cut-off function χ and consider
χPku. To be able to deal with certain error terms arising from inequality
(6.2) applied to χPku, we collect a few facts in the following lemmata.
Lemma 6.4. If f, g ∈ S(R2n− ) and σ ∈ R, then
∞∑
k=0
22kσ‖[Pk, f ]g‖2 . |||g|||2σ−1,
where the constant in . does not depend on g.
The proof of Lemma 6.4
Lemma 6.5. Let D be any differential operator of first order with coeffi-
cients in C∞(R2n− ) acting on smooth q-forms, let χ ∈ S(R2n− ) and σ > 0.
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Then
∞∑
k=0
22kσ‖D(χPku)‖2−σ . ‖Du‖2 + ‖u‖2 +
∑′
|I|=q
||| ∂uI
∂x2n
|||2−1.
holds for all q-forms u with coefficients in S(R2n− ). Here, the constant in .
does not depend on u.
Proof. Recall that Λ−σt denotes the tangential Bessel potential of order −σ.
We obtain
∞∑
k=0
22kσ‖D(χPku)‖2−σ ≤
∞∑
k=0
22kσ|||D(χPku)|||2−σ =
∞∑
k=0
22kσ‖Λ−σt D(χPku)‖2
.
∞∑
k=0
22kσ‖χΛ−σt DPku‖2 +
∞∑
k=0
22kσ‖[Λ−σt D,χ]Pku‖2,
where the last step follows by commuting. We note that [Λ−σt D,χ] is of
tangential order −σ and of normal order 0. Therefore, invoking Lemma 6.3,
we get
∞∑
k=0
22kσ‖[Λ−σt D,χ]Pku‖2 .
∞∑
k=0
22kσ|||Pku|||2−σ ∼= ‖u‖2.
Similarly, we obtain by commuting
∞∑
k=0
22kσ‖χΛ−σt DPku‖2 .
∞∑
k=0
22kσ‖χDΛ−σt Pku‖2 +
∞∑
k=0
22kσ|||Pku|||2−σ
.
∞∑
k=0
22kσ‖Pk(χDΛ−σt u)‖2 +
∞∑
k=0
22kσ‖[χDΛ−σt , Pk]u‖2 + ‖u‖2
. |||χDΛ−σt u|||2σ︸ ︷︷ ︸
(A)
+
∞∑
k=0
22kσ ‖[χDΛ−σt , Pk]u‖2︸ ︷︷ ︸
(Bk)
+‖u‖2,
where the last line follows again by Lemma 6.3. We write
χD =
∑′
|I|=q
2n∑
j=1
aIj
∂
∂xj
,
and estimate term (A) by commuting:
(A) = |||χDΛ−σt u|||2σ . |||Λ−σt χDu|||2σ + |||[χD,Λ−σt ]u|||2σ
. ‖Du‖2 +
∑′
|I|=q
2n∑
j=1
|||[aIj
∂
∂xj
,Λ−σt ]uI |||2σ.
∂¯-NEUMANN OPERATOR 21
Since ∂
∂xj
and Λ−σt commute, it follows that
(A) . ‖Du‖2 +
∑′
|I|=q
2n∑
j=1
|||[aIj ,Λ−σt ]
∂uI
∂xj
|||2σ
. ‖Du‖2 + ‖u‖2 +
∑′
|I|=q
||| ∂uI
∂x2n
|||2−1.
Here, the last estimate holds since [aIj ,Λ
−σ
t ] is of tangential order −σ − 1
and ∂
∂xj
is a tangential derivative if j ∈ {1, . . . , 2n − 1}. We are left with
estimating the terms (Bk). We first notice that
(Bk) .
∑′
|I|=q
2n∑
j=1
‖[aIj , Pk]
∂
∂xj
Λ−σt uI‖2.
Lemma 6.4 implies now
∞∑
k=0
22kσ(Bk) .
∑′
|I|=q
2n∑
j=1
||| ∂
∂xj
Λ−σt uI |||2σ−1 . ‖u‖2 +
∑′
|I|=q
||| ∂uI
∂x2n
|||2−1.
Combining all our estimates we end up with the claimed inequality.
∞∑
k=0
22kσ‖D(χPku)‖2−σ . ‖Du‖2 + ‖u‖2 +
∑′
|I|=q
||| ∂uI
∂x2n
|||2−1.

Having collected the basic facts concerning the Pk’s, we are ready to prove
Theorem 6.1.
Proof of Theorem 6.1. Let V be a special boundary chart near p such that
inequality (6.2) holds, that is
‖u‖2 . δ
2ǫ
η
(Q(u, u) + δ−2‖∂¯u‖2−1) + ηδ−2‖u‖2−1
holds for all u ∈ D0,q(Ω) supported in V ∩ Ω¯. Let W ⊂⊂ V be a neighbor-
hood of p, and u ∈ D0,q(Ω) supported in W ∩ Ω¯. Let χ ∈ C∞c (V ) such that
χ = 1 on W and χ ≥ 0. Then it follows by Lemma 6.3 and by commuting
|||u|||2ǫ = |||χu|||2ǫ .
∞∑
k=0
22kǫ‖χPku‖2 +
∞∑
k=0
22kǫ‖[Pk, χ]u‖2
.
∞∑
k=0
22kǫ‖χPku‖2 + |||u|||2ǫ−1,
where the last step follows by Lemma 6.4. Since ǫ ≤ 12 holds, we obtain
|||u|||2ǫ .
∞∑
k=0
22kǫ‖χPku‖2 + ‖u‖2.
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Now inequality (6.2) comes into play. Since χPku ∈ D0,q(Ω) is supported in
V ∩ Ω¯, it follows that
‖χPku‖2 . δ
2ǫ
η
(Q(χPku, χPku) + δ
−2‖∂¯(χPku)‖2−1) + ηδ−2‖χPku‖2−1
holds uniformly for all k ∈ N0, for all positive δ < δ0 and η < η0. Let k0 ∈ N
such that 2−k0 ≤ δ0. Then we obtain for all k ≥ k0
22kǫ‖χPku‖2 . 1
η
(Q(χPku, χPku) + 2
2k‖∂¯(χPku)‖2−1) + η22k(1+ǫ)‖χPku‖2−1.
Observe that
k0−1∑
k=0
22kǫ‖χPku‖2 ≤
k0−1∑
k=0
22kǫ‖u‖2 . ‖u‖2.
Thus we can sum up over k ∈ N0, obtaining
∞∑
k=0
22kǫ‖χPku‖2 . 1
η
∞∑
k=0
(Q(χPku, χPku)) +
1
η
∞∑
k=0
22k‖∂¯(χPku)‖2−1
+η
∞∑
k=0
22k(1+ǫ)‖χPku‖2−1 + ‖u‖2
Using Lemma 6.3, we have
∞∑
k=0
22k(1+ǫ)‖χPku‖2−1 .
∞∑
k=0
22k(1+ǫ)|||Pku|||2−1 ∼= |||u|||2ǫ .
Furthermore, applying Lemma 6.5 with σ = 0 and σ = 1 resp., we get
∞∑
k=0
Q(χPku, χPku) +
∞∑
k=0
22k‖∂¯(χPku)‖2−1 . Q(u, u) + ‖u‖2 +
∑′
|I|=q
||| ∂uI
∂x2n
|||2−1.
Note that ∂
∂x2n
can be expressed as a linear combination of the ∂
∂z¯j
’s and a
tangential vector field T . Then
||| ∂uI
∂x2n
|||2−1 .
n∑
j=1
|||∂uI
∂z¯j
|||2−1 + |||TuI |||2−1 .
n∑
j=1
‖∂uI
∂z¯j
‖2 + ‖uI‖2
. ‖∂¯u‖2 + ‖∂¯⋆u‖2 + ‖u‖2 . Q(u, u).
Thus, by combining our estimates , we obtain
|||u|||2ǫ .
∞∑
k=0
22kǫ‖χPku‖2 + ‖u‖2 . 1
η
Q(u, u) + η|||u|||2ǫ .
Choosing η > 0 small enough, we can absorb the term η|||u|||2ǫ into the left
hand side and it follows |||u|||2ǫ . Q(u, u). 
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7. An Example
Consider the domain D = {w ∈ C3 | ρ(w) := Re w3 + |w21 − w2w3|2 +
|w22|2 < 0} near the origin. The 1-type (in the sense of D’Angelo [D’An])
at (0, 0, 0) is 4, but at any boundary point of the form (0, 0, iǫ), ǫ > 0, the
1-type is 8. In the following we show that a subelliptic estimate of order
1
8 − η holds for any η > 0 near the origin. Instead of constructing the {φδ}
on D, we consider Ω = {z ∈ C3 | r(z) < 0}, where
r(z) = |z3|2 − 1 + |(1 + z3)z21 − z2(z3 − 1)|2 + |1 + z3|2|z2|4 < 0,
in a neighborhood U of the boundary point p = (0, 0, 1). Notice that D near
the origin is biholomorphic to Ω via the transformation z1 = w1, z2 = w2
and z3 =
w3+1
1−w3 . We claim that
φδ(z) = − log(−r(z) + δ)− log(− log(|z1|2 + δ
1
4 ))
− log(− log(|z2|2 + δ
1
2
+η))
= ψ0(z) + ψ1(z) + ψ2(z)
satisfies the hypotheses of Theorem 1.4 on Ω ∩ U with ǫ = 18 − η2 for η > 0.
A straightforward computation shows that φδ is plurisubharmonic and has
a self-bounded complex gradient near p. In the following we show that
i∂∂¯φδ(z)(ξ, ξ) ≥ Cδ−
1
4
+η|ξ|2(7.1)
holds for all ξ ∈ C3 and z ∈ Sδ ∩ U . One computes
i∂∂¯r(ξ, ξ) = 4|1 + z3|2|z1|2|ξ1|2 + (|z3 − 1|2 + 4|z2|2|1 + z3|2)|ξ2|2
+(1 + |z21 − z2|2 + |z2|4)|ξ3|2
+2Re((2(1 + z3)
2z2z¯
2
2 − (z3 − 1)(z¯21 − z¯2))ξ2ξ¯3)
+4Re((1 + z3)z1ξ1((z¯
2
1 − z¯2)ξ¯3 − (z¯3 − 1)ξ¯2).
Denote the last term on the right hand side by (I). Estimating (I) we obtain
(I) ≥ −4|1 + z3|2|z1|2|ξ1|2 − |z3 − 1|2|ξ2|2 − |z21 − z2|2|ξ3|2
+2Re((z3 − 1)ξ2(z¯21 − z¯2)ξ¯3).
It follows easily that
i∂∂¯r(z)(ξ, ξ) ≥ |z2|2|ξ2|2 + 1
2
|ξ3|2.(7.2)
This estimate implies that if z ∈ Sδ ∩ U , then
i∂∂¯ψ0(z)(ξ, ξ) ≥
|z2|2|ξ2|2 + 12 |ξ3|2
−r(z) + δ ≥
1
4
(δ−
1
2 |ξ2|2 + δ−1|ξ3|2),
where the first estimate on the right hand side only holds if |z2|2 ≥ δ 12 . If
|z2|2 ≤ δ 12 , then
i∂∂¯ψ2(z)(ξ, ξ) ≥ δ
1
2
+η|ξ2|2
− log(|z2|2 + δ 12+η)(|z2|2 + δ 12+η)2
≥ δ− 14 |ξ2|2.
24 ANNE-KATRIN HERBIG
Similarly, we obtain i∂∂¯ψ1(z)(ξ, ξ) ≥ 14δ−
1
4
+η|ξ1|2 for |z1|2 ≤ δ 14 for all
δ > 0 sufficiently small. Thus it remains to show that (7.1) holds also in the
directions involving ξ1 for z ∈ Sδ ∩U with |z1|2 ≥ δ
1
4 . For that we shall use
a different estimate for the complex Hessian of r, that is
i∂∂¯r(z)(ξ, ξ) ≥ 1
2
|z1|2|ξ1|2 − 4|z3 − 1|2|ξ2|2.(7.3)
Then, if z ∈ Sδ and |z1|2 ≥ δ
1
4 , we obtain by using (7.3) and (7.2)
(δ
1
2
+η +
1
2
)i∂∂¯ψ0(z)(ξ, ξ) ≥ C
δ
(δ
3
4
+η|ξ1|2 + (|z2|2 − 16δ
1
2
+η|z3 − 1|2)|ξ2|2).
Thus we obtain (7.1) for all z ∈ Sδ as long as |z2|2 ≥ 16δ
1
2
+η|z3 − 1|2. If
the latter inequality is not true, then we can assume that |z2|2 ≤ δ 12+η.
However, in that case
1
2
i∂∂¯ψ2(z)(ξ, ξ) − 16δ−
1
2
+η|z3 − 1|2|ξ2|2 ≥ 0,
which completes the proof of (7.1).
With a construction similar to the above one obtains for the domains
Dk,l,m,n = {w ∈ C3 | Rew3 + |wk1 − wl2wm3 |2 + |wn2 |2 < 0}, k, l,m, n ∈ N
a subelliptic estimate of order 1
M
− η, η > 0, where M is the maximum
1-type near the origin.
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